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Two powerful statistics can be derived from simul-
taneous time series observations, the impulse response
and the sensitivity. The former is the response to
a unit impulse in the independent variable and
the latter is the response to a unit step function
and is the sum of terms of the impulse response
sequence. Both statistics can be estimated by means
of the ARX method further strengthened by testing
residuals for self-correlation. In this way, global
climate sensitivity, the long-term increase in global
average temperatures due to a doubling of CO2
concentration, was estimated to be 2.7 deg C with 95
percent confidence limits of 2.3 and 3.4. The impulse
response of CO2 concentration to a variation in CO2
emissions, was found to be exponential with a half-
time of 43 years. The widely accepted hypothesis, that
a significant fraction of carbon emissions remain in the
atmosphere indefinitely, can be rejected. The method
was also applied to local climate sensitivity which
varies widely, continental values being generally
larger than maritime values.
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1. Introduction

A climate model or coupled ocean-atmosphere general circulation model (OAGCM) is a
numerical model of the global atmosphere and ocean based on the Navier-Stokes equations of
fluid dynamics. Numerical modelling of an estuary, lake or tidal shelf can be difficult at the best of
times but modellers made a quantum leap from such relatively simple exercises into the complex
dynamics of an entire planet. They started with the assumption that we already know, a priori, the
underlying physics and that understanding climate is simply a matter of refining the detail.

OAGCMs cannot account for “unlooked-for combinations of things” which were not
considered at the time of setting up the model. An example is the effect of the plume from recent
Australian wild fires on fertilization and CO» uptake over vast areas of the Pacific and Southern
Oceans [1]. Such unforeseen events are beyond the scope of a OAGCMs which resemble the a
priori celestial models of Ptolomaic astronomy.

The present statistical method makes no assumptions about the underlying physics, other than
that the system under investigation is random rather than deterministic and that it is stationary
and ergodic.

It is common practice across a wide range of sciences to treat physical quantities as ensemble
parameters and to estimate them from sample statistics. A time series is a particularly type of
sample, one in which a series of measurements are taken at equal intervals of time or averaged
over equal intervals of time. The Pearson correlation coefficient is often used to describe the
relationship between contemporaneous time series, but it is a poor statistic because it does not
account for temporal ordering. Two other statistics, which better summarize the relationship
between two concurrent time series, are the impulse response and the sensitivity. The impulse
response is the response of the endogenous or dependant variable to a short pulse in the
exogenous or independent variable. The sensitivity may be defined as the response of the
endogenous variable to a step-function in the exogenous variable. It is the sum of terms (or
integral) of the impulse response.

Both statistics can be estimated using the “autoregressive with exogenous variable” or ARX
method. Their existence and the number of ARX regression coefficients required for their
computation, is established by rejecting those configurations whose residuals show significant
self-correlation. The impulse response is then found as the convolutional reciprocal of a sequence
derived from the ARX regression coefficients. These ideas originated with [2] and were recently
applied to climate sensitivity by [3]. Here we derive these statistics using convolutional methods
and apply them to climate time series.

2. Using the ARX Method

For notational convenience, in the following, all sample means have been removed and random
variables are assumed to have zero mean.

The autoregressive moving average method with a single exogenous variable, ARMAX(p,q),
is given at time, 4, by:

p q
Yi=oozi+ Y ojyij+ Y BiSik, i=1,..,N (2.1)
j=1 k=1

where the dependent random variable is Y}, x; is the exogenous variable, the y; are past values of
Y; and the =Z; are unselfcorrelated random variables with zero mean. The regression coefficients
ag, aj and f; are estimated from the data and p and q are small positive integers. The notation
is intended to make a clear distinction between random variables which are Latin upper case,
and constants, such as past values of random variables, which are Latin lower case. Equation
(2.1) is a state space representation [4] describing states of the system at a succession of discrete
instants; the random variable, Y;, at one instant becomes the constant, y;, in the following instant.
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The direction of time is important in regression, which, unlike correlation, allows causality to be
inferred.

There are software packages for parameter estimation available under the aegis of the major
programming languages. Unfortunately some of these are flawed, because they estimate the
exogenous parameter, ag, prior to estimating the other parameters, leading to omitted-variable
bias [5]; all parameters must be estimated simultaneously in a regression model.

Estimation of the MA coefficients, {£;}, requires an iterative Kalman filter method which
may not converge. The second, moving average summation in (2.1), describes a convoluting or
“blurring” function, so that ¢ > 1 when the sampling interval, At, is too small. Estimation of the
MA coefficients can be avoided by decimating the time series by ¢ to give a new time series with a
larger sampling interval, gAt, for which the innovation sequence, { =i, }, is unselfcorrelated. Then
(2.1) becomes

p
Ym = agxm + Zan.ym,n—l—Em ,m=1,...M (2.2)
n=1
where m = ¢i, gM < N, The model summarized by (2.2) is an ARX(p) model for “autoregressive
with exogenous variable’. The regression coefficients, c;, and their confidence limits are estimated
using Ordinary Least Squares. The sequence of residuals, {{m }, is given by

P
Em = Ym — (doxm +> &n.ym_n> , m=1,..,M (2.3)
n=1
where y, is the sample value or ‘realization” of Y;, and &g to &; are the regression coefficient
estimates. The {£} are tested using the Ljung-Box, @ statistic with probability P [6]. The
minimum number of coefficients, p, is found for which P is greater than some confidence level,
say 0.1, for which it can be assumed the innovation sequence is not self-correlated.
Our best estimate of the relationship between the two time series is then

D
Z AnYm—n = QOTm (2.4)
n=0
where
Jo=1 (2.5)
Ap=—Gn , n=1,...p 2.6)

The sequence {v»} specified by (2.4) is the prediction error filter of the autoregressive process.

3. Convolution

We can define a time series more precisely as a finite or semi-infinite sequence, {zo,z1,z2, ...}
for which the index specifies successive equally spaced intervals of time. The convolution, ¢ =
{exsk=0,1,...,7} = a = b, of two time series a = {a;;1=0,1,...,p — 1} and b= {b;; 7 =0,1, ..., q},
is defined by

cL = Z aibj (3.1)

i+j=k

Under this definition convolution satisfies the commutative, associative and distributive laws of

arithmetic. Note also that
S Yh=Y Y ah=Ye .
i J

k itj=k k
The sum on the left hand side of (2.4) is a convolution and (2.4) can be written
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A more useful form of (3.3) is
y=Ix*xx (3.4)

where I is the convolutional reciprocal of 4/aq given by
I+4=ap{1} (3.5)

and will is termed the impulse response. It can be estimated numerically by iteration using (3.5)
in the form
p
Im =" &ilnm_; + 6odm (3.6)
i=1
For display purposes and inter-comparison a normalized impulse response, &, may be used
where
Sxy={1} (3.7)

Thus the normalized impulse response is the convolutional inverse of the prediction error filter.
Like the regression coefficients, I is a property of the system under investigation and 1 is its
estimate. Equation (3.4) describes the output of the system, y, in response to any input sequence,
x.
The sensitivity of the system, S, is defines as the response at infinity to a unit step function,
Hj;, where H; =0 for j <0and H; =1 for j > 0. From (3.1)

o
§= lim Sp= lim g;k LiH;= kz::O I (3.8)
i.e. it is the sum of the terms of the impulse response. It is a random variable on which confidence
limits can be placed.

According to (3.2) the sum of a convolution is equal to the product of the sums of the
convoluting factors. Thus, from (3.5)

[e%} p P
S In Y wm=8Y m=ao (3.9)
n=0

m=0 n=0

from which S can be estimated in terms of the prediction error filter, {4 }.
Furthermore, from (2.5), (2.6) and (3.9) any given sensitivity estimate, .5, can be used to define
a constraint in the form of a null hypothesis, H, viz.:

P
Hido+S5Y an=5 (3.10)
n=1
From (3.10) a distribution of the probability of estimated sensitivity, S, can be found using the
t-test method provided by most Ordinary Least Squares software packages.

4. Global Average Temperature vs In(CO2)

I estimated the impulse response of the global average temperature anomaly, 7', on the logarithm
of atmospheric carbon concentration, In(C'). From this I derived an estimate of sensitivity, Se, and
its probability distribution.

Global average temperature anomaly data, 7. were taken from the HadCRUT.4.5.0.0
data set [7]. Carbon dioxide concentrations, C, were taken from the University of Melbourne
Greenhouse Gas Factsheet [8].

The ARX method was applied to annual means of global average temperature, T;, on the
logarithm of atmospheric CO2 concentration, In(C;), for the interval 1850 CE to 2014 CE.
Applying Ljung-Box to the residuals given by (2.3) for ARX(p), p=0, ... ,5) gives the results shown
in Table 1. The probability, P, for the ARX(4) run has a value of 0.2534 indicating that the null
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HadCRUT.4.5.0.0

hypothesis that the residuals are unselfcorrelated cannot be rejected. Thus the simplest regression
relationship between T}, and In(C;) which unambiguously fits the data is the ARX(4) model, viz.:

T; = doIn(Cy) + aTi—1 + GoTi_2 + G3T; 3 + Ty , i=5,...,N (4.1

with the regression coefficient estimates {1.161,0.509, —0.063,0.057,0.199}. The impulse
response was estimated using (3.6) and is shown in Figure 1.
The R-matrix tuple corresponding to (3.10) is

R=([1,5,...,5],5) (4.2)

This was used in the t-test method of the Python statsmodels OLS software package to determine
probability as a function of estimated sensitivity. The results are shown in Figure 2. Note that the
sensitivity, S, of (3.9) and (3.10) is the response to a sustained unit change of the independent
variable whereas the climate sensitivity, Sc, plotted in Figure 2 is conventionally defined as the
response to a doubling of atmospheric CO2 concentration. Hence

S.=1In(2)8 (4.3)

From (3.9), (4.1) and (4.3) , estimated global climate sensitivity, S, =2.7°C with confidence
limits 2.3°C and 3.4°C.

5. CO2 vs Emissions

The response of atmospheric CO2 concentration to an emission pulse in CO2 is discussed
extensively by Joos et al [9] and, more recently, in the multi-model analysis of Joos et al [10]. A
mathematical formulation was derived numerically by Meier-Reimer and Hasselmann [11] using
a similar model, viz:

4

S(t) =Ao+ Y Ajexp(—t/7;) (5.1)
j=1

where $(t) is the normalized impulse response function. The A; are the proportions
corresponding to various decay times, 7;. >  A; =1 and, importantly, Ag=.131. The time
constants range from 362.9 years to 1.9 years. Equation (5.1) is plotted as the dashed line in
Figure 3. The curve is typical of the IRF curves quoted by Joos et al.

For comparison, the ARX method developed here was applied to annual means of atmospheric
COg2 concentration [8], C;, vs global fossil fuel emissions, F;. Global fossil fuel emissions, F,
for the interval 1850 to 2014, were downloaded from the Carbon Dioxide Information Analysis
Center [12].

Applying the Ljung-Box test to the residuals given by (2.3) for ARX(p), p=0, ... ,5) resulted
in zero probabilities in all cases. The ARMAX method revealed a significant moving average
component with ¢ = 2. For this reason both time series were decimated by 2 and the ARX / Ljung-
Box method reapplied. The results for the decimated data are shown in Table 2. The probability,
P, for the ARX(1) run has a value of 0.4359 indicating that the null hypothesis that the residuals
are unselfcorrelated cannot be rejected. Thus the simplest regression relationship between C; and
E; which unambiguously fits the data is the ARX(1) model, viz.:

Ci=&oF; +1C;—1 , i=1,..,.N (5.2)

where the estimated regression coefficients are é&o=0.21 and &; =0.969 with 95 percent
confidence limits 0.945 and 0.992. The prediction error filter is {1, —&; } which has convolutional
inverse {1, 41, &%, ...}, a geometric sequence with common ratio &;. The nth term of the IRS
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estimate is given by

- A AT
In =&pdaq

) (53)

and the impulse response can be regarded as discretely sampled from a continuous exponential
function with time constant given by

T=—qAt/In(a1) (5.4)

Substituting &1 and its confidence limits into (5.4) and multiplying by In(2) gives a half-time of
43 years with confidence limits of 24 years and 193 years. The normalized impulse response is
shown in Figure 3.

The R-matrix tuple corresponding to (3.10) is

R=([1,5],5) (5.5)

This was used in the t-test method of the Python statsmodels OLS software package to determine
probability as a function of estimated sensitivity. The results are shown in Figure 4.

6. Local Temperature vs In(CO2)

A netCDF dataset of local mean monthly temperatures for the entire globe was downloaded [13].
Each temperature value was associated with a 5 degree latitude by 5 degree longitude spherical
rectangle, there being 36 X 72 such rectangles. Time series of annual averages were computed for
each rectangle for comparison with the above described time series of In(C;) using the ARX(p)
method. The Ljung-Box P value was found for candidate values of p in the range 0 < p <5. The
smallest value of p for which

P>01 (6.1)

was chosen as the order of the ARX process and (3.9) solved for S.

Spherical rectangles were eliminated from further processing when the number of years of
good data was less than fifty or when no value of P satisfying (6.1) could be found. In a surprising
number of cases p was zero in which case S was simply the first order regression coefficient of
temperature on concentration.

Local sensitivity estimates are mapped in Figure 5. For ease of display S values were rounded
to the nearest integer.

7. Discussion

The climate sensitivity estimate and its confidence limits shown in Figure 2 are not dissimilar
from values proposed by the IPCC. On the other hand, the impulse response and sensitivity
of COg concentration estimated here are quite different from conventionally accepted values.
The impulse response has an exponential decay with a single time constant (Figure 3) and the
sensitivity estimate is finite (Figure 4). These statistics were derived from an ARX regression
model which was an excellent fit to the observations with no self-correlation evident in the
residuals (Table 2).

The impulse response function (5.1) due to Meier-Reimer and Hasselmann [11] must be
integrated from zero to infinity with respect to time in order to give the sensitivity. Their
sensitivity is therefore infinite because of the non-zero term, Ag, in (5.1) according to which
thirteen percent of CO2 emissions remains in the atmosphere indefinitely. In contrast the
sensitivity estimated here from observations is finite with finite 95 percent confidence limits. This
reveals a serious shortcoming of their dynamical global ocean circulation model.

A possible explanation is the following. The deep ocean is bounded by a turbulent mixed layer
and by the highly turbulent Antarctic Circumpolar Current. It is therefore likely to be internally
mixed by a Kolmogorov cascade of turbulent eddies, some with spatial scales as large as ocean
basins and with time scales of, perhaps, decades. Turbulence is a stochastic phenomenon which
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is difficult to observe at large spatial and temporal scales and which, being stochastic, cannot
be readily emulated by deterministic models such as OAGCMs. Eddy diffusion generated by
turbulent mixing would greatly increase the capacity of the deep ocean to absorb carbon dioxide
and so could account for the shorter half time of the observed impulse response of atmospheric
CO3 concentration. Whatever the explanation, there is no evidence for the long half times and
remnant component of atmospheric CO2 concentration in (5.1), presently assumed by most
modellers.

The map of local sensitivities (Fig 5) demonstrates the viability of the present method. Extreme
values tend to lie close together: for example the occurrence of zero values in the North Atlantic
and the occurrence of larger values over land. If the method were only generating noise, we
would not expect such good spatial correlation. High values of S¢ in Northern Canada and Siberia
suggest that, in these locations, CO2 concentration is the predominant factor controlling nocturnal
radiative cooling in the absence of clouds. No explanation can be offered for the low values in the
North Atlantic except that perhaps other factors, such as submarine volcanism, may play a role in
modulating Sea Surface Temperature there. Two unusually high maritime values of S. =4°C off
the SE corner of Australia near the island of Tasmania may be due to the intermittent incursion of
the warm East Australia Current into this region.

Figure 5 is only the first, tantalizing glimpse of the possibilities presented by applying
rigorous statistical methods to climate change. The effect of CO2 concentration on other types
of observations, such as precipitation, wind speed and so on, remain to be explored. The strong
spatial gradients in climate sensitivity observed in places such as Southern California, imply
that mean temperature gradients are affected by climate change and this too has meteorological
implications.

Statistical methods provide fresh insights into the underlying physics of climate change,
insights that are not accessible to numerical general circulation models.
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Table 1. Ljung-Box parameter, @), and its probability, P, for five ARX runs of global average temperature vs. the logarithm

of CO2 concentration.

Run Variables Q P

ARX(0) T; vsIn(C; )only 284.1  0.0000
ARX(1) T,;vsIn(Cy), T 490  0.0084
ARX(2) T; vsIn(C;),T;—1,Ti o 482 0.0074
ARX@B) T;vsIn(C;),T;_1toT;,_3 404 0.0358
ARX@) T;vsIn(C;),Ti_1toTi_sa 293 0.2534
ARX(5) T;vsIn(C;)T,_1toTi_5 286 02367

Table 2. Ljung-Box parameter, ), and its probability, P, for five ARX runs of CO2 concentration, C, vs. global fossil fuel

emissions, E. Both time series were decimated by 2.

Run Q pvalue
C(t) vs E(t) only 5135  0.0000
C(t) vs E(t), C(t-1) 285  0.4359
C(t) vs E(t),C(t-1),C(t-2) 28.6  0.3830
C(t) vs E(t) to C(t-3) 24.5 0.5483
C(t) vs E(t) to C(t-4)) 24.3 0.5049
C(t) vs E(t) to C(t-5) 220 0579
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Figure 1. The normalized impulse response, 3, of Global Average Temperature due to an impulse in Carbon Dioxide
Concentration.
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Figure 2. The t-test probablity, P, that the sensitivity, .S, of global average temperature will have a given value. The peak
is at S = 3.9°C. The vertical dashed lines are the 95 percent confidence limits, (3.3°C and 4.9°C). Climate Sensitivity is
therefore S. = 2.7°C with confidence limits 2.3°C and 3.4°C.
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Figure 3. The observed normalized impulse response, <, of Carbon Dioxide concentration due to an impulse in CO2
emissions (solid line) with its 95% confidence limits (dashed lines). Also shown is the model-derived normalized impulse
response function of Meier-Reimer and Hasselmann [11] (dotteded line).
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Figure 4. The t-test probablity, P, that the sensitivity, S, of CO2 concentration will have a given value. The peak is at
S=6.77 p.p.m.GtCO;l.year. The vertical dashed lines are the 95 percent confidence limits.
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Figure 5. Figure Caption: Climate Sensitivity, S. estimated for 5 deg X 5 deg rectangles of the earth’s surface. Each
estimate is derived from the time series of annual average surface air temperature of the rectangle using the ARX method
with the time series of In(CO2 concentration) as the exogenous variable. Only those estimates from rectangles with more
than 50 data points and unselfcorrelated residuals are shown. Displayed values have been rounded to the nearest integer.
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